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A Godunov Method for Supersonic Tactical Missiles

A.B. Wardlaw Jr.,* F.P. Baltakis,t F.M. Martin,
F.J. Priolo,§ and R.U. Jettmar§
Naval Surface Weapons Center, Silver Spring, Maryland

This paper describes 2a Godunov method applicable to tactical missiles in steady supersonic flow. The scheme
is cast in a finite-volume formulation using a mesh generated by a multiple-zone procedure. The bow shock is
fitted using the information contained in the Riemann problem. Surface pressures are determined using a
method of characteristics analysis that degenerates near shocks or expansions to the oblique shock or Prandtl-
Meyer expansion relations. The scheme is applied to body-alone and finned configurations and calculations are
completed without the use of artificial viscosity or special procedures.

Nomenclature
A" =area of control volume edge lying in the
z=2" plane
b(é,2) =radial position of edge 3 (see Fig. 2)
c(o,z) =radial position of edge 1 (see Fig. 2)
Cy =normal force
F =flux vector [Eq. (7)]
H, =stagnation enthalpy
n=(n,n,n,) =vector normal to cell edge; Inl =edge area
p =pressure
(r,9,2) =cylindrical coordinates (Fig. 2)
U = flux vector [(Eq. (7)].
(u,v,w) = Cartesian velocity components
v, =velocity component normal to cell edge
v, =velocity component tangent to cell edge
(x,»z) = Cartesian coordinates where z is along the
missile axis
Zep. = center of pressure
¥ =ratio of specific heats
& =flow direction angle
(£n,0) = computational coordinates
o(r,z) =angular location of edge 4 (see Fig. 2)
v (r,z2) =angular location of edge 2 (see Fig. 2)
Subscripts
+ = upper and lower Riemann states (see Fig. 3)
c =at a point on a characteristic
f =on the slip line of the Riemann problem
w =at a wall point
o =ambient condition
Superscript
(") =average property along a cell edge
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Introduction

HIS paper investigates application of a finite volume

Godunov method to steady supersonic flow, with the ob-
jective of producing a more robust computational method.
The Godunov scheme was originally proposed for unsteady
gasdynamics, but can easily be extended to steady supersonic
flow. Unlike conventional numerical schemes that presume a
smooth flowfield, the Godunov method assumes that the
flowfield consists of a number of piecewise constant states
with discontinuities occurring midway between the mesh
points. The evolution of the flowfield in the vicinity of the
discontinuities is determined by solving the associated
Riemann problem. The resulting method is first-order ac-
curate, but can be extended to higher order.!

Computational methods are currently available for
calculating inviscid supersonic flow about arbitrary bodies.
Such techniques take advantage of the hyperbolic nature of
the supersonic Euler equations and march a known cross-flow
data plane down the length of a missile. Traditional methods
for solving the Euler equations use complicated transforma-
tions to treat finned shapes?® and are difficult to apply to
geometries with sharp wing edges. An alternative approach us-
ing a multiple-zone strategy has been developed in Refs. 9 and
10. Here the cross section is divided into several zones, each of
which can be treated with a simple transformation.

These methods are based on MacCormack’s explicit
scheme, which is second-order accurate, and apply a special
analysis at the fin edges. Although this type of approach is be-
ing widely used, it is not particularly robust and artificial
viscosity and special differencing procedures must often be ap-
plied to complete a calculation. The amount of artificial
viscosity to be used, as well as the fin tip differencing strategy,
must be determined on a trial-and-error basis.

This paper describes a numerical procedure, based on
Godunov’s first-order method that is sufficiently robust to
handle body/wing geometries without the explicit addition of
artificial viscosity or special procedures. This method is cast
within a simplified multiple zone framework and is capable of
treating conventional missile shapes. It is applied to body-
alone, body/wing, and body/wing/tail configurations.

Solution Methodology
The Godunov’s scheme is cast in a finite-volume formula-
tion that removes corner and fin-tip points arising in the
analogous finite-difference, mutliple-zone formulation. This
significantly simplifies the boundary treatment by eliminating
the need for special analysis at these points.
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Mesh Generation

The computation scheme uses a multiple-zone approach
that provides a convenient framework from which to compute
finned bodies with sharp fin edges. This entails dividing the
cross-flow plane up into several zones and applying a simple,
separate mapping to each zone. Zone boundaries are taken to
coincide with body, fin, or tail surfaces and the bow shock. A
sample multiple zone grid for a finned missile configuration is
illustrated in Fig. 1. Location of a mesh boundary at the bow
shock is not essential, since Godunov’s method is sufficiently
robust to capture the bow shock. However, it improves com-
putational efficiency by restricting the size of the computa-
tional domain to the estimated shock-layer region.

Each zone consists of a generalized quadrilateral region as
shown in Fig. 2. For missiles with circular bodies, cylindrical
coordinates are generally used: the radial locations of edges 1
and 3 are described in terms of the functions b(¢,z) and
c(#,7), while the angular position of edges 2 and 4 are defined
by ¥ (r,z2) and o(r,z). The transformation is divided into two
parts: T=T7T,T, where T,: (r,¢,2)—(x,y,z) and T;:
(&m,8)— (r,¢,2). Within computational space, 0<é¢=<1,
0=<y=<l1, and {=0. T, is defined analytically, while T, is
determined as follows:

r=b(¢",5)+1c(¢”,0)—b(¢",{)1F(§)
¢=0(r',0)+ [Y(r",$)—o(r',$)1G ()
z=¢ )

where

©-

=4 () + [0 (5 —¢4(N1G ()
=¢3 (D) + [6:(D =93 (DG (m)
r'=r () + [r (5 —r (D 1F(E)
=ri(+ R -—r(DIFE)

<

X

r

Here F and G are clustering functions in £ and », with
F(0)=G(0)=0 and F(1)=G(1)=1, while (r;,¢;) are the coor-
dinates of corner i, i=1-4.

The Riemann Problem

In steady supersonic flow, the Riemann problem represents
the confluence of two two-dimensional supersonic streams, as
is illustrated in Fig. 3. At the point of stream intersection,
shocks or expansion fans form to turn both streams to a com-
mon direction. The appropriate direction is the one producing
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Fig. 1 Multiple zone mesh.
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the same pressure in both streams. The two final streams need
not feature the same density or velocity and, in fact, a slip line
generally forms between them. The resulting solutions are self-
similar in z and feature constant properties along any line
passing through the point of initial stream intersection.

Figure 3 depicts a Riemann problem formed by the intersec-
tion of two streams with properties (p,,p,,u,w,) and
(p_,p_,u_,w_). Upward deflection of the (+) stream is
described by the shock relations and leads to an increase in
pressure, while downward deflection is associated with an ex-
pansion and leads to a decrease in pressure. On the other
hand, upward deflection of the (—) stream leads to an expan-
sion and downward deflection to a shock. To solve the
Riemann problem, it is necessary to determine the final flow
direction that produces the same final pressure in both
streams. The shock and expansion equations define the rela-
tion between the two initial flow directions 8, , pressure p,
and final pressure and direction p,, 6,. These can be written
expressing o, as a function of 6., p., and p, as

(p;—p.) )2
(M, +1)p, —ps

6f=6i :f:tan_l I:(

p*(Z'yMi—'y+1—('y+1)Pf):|'/z
hock 2
( (+Dp,+ (v—Dp. shock r>ps @)

O,=06, £v(M,)Fv(M)) expansion py<p, (3)

where
B 2 P, )(7—1)/7< (v=D _ ]}‘/2
Mf_{('y—-l) [( p; =3 M*) !

v(M)=C’tan—‘[%ﬁ]%—tan“[w—ll”

é= [ (v+1) ] Y2
(v—1)
Here the upper and lower signs are associated with the (+)
and (—) streams, respectively. The nonlinearity of these rela-
tions precludes a closed-form solution (the details of an
iterative procedure, based on the secant method, are given in
Ref. 1).

Fortunately, the complete Riemann problem need not be
solved in most cases. In smooth-flow regions, property varia-
tions between adjacent cells are small and approximate closed-
form solutions can be obtained. Equations (2) and (3) can be
expanded in a Taylor series for [6—& | <1.!! Retaining only
the linear terms yields

(pf_pd:)

6;=06, %
=0« PR
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Fig. 2 Generalized quadrilateral zone structure.
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Fig. 3 The supersonic Riemann problem consists of two intersecting
supersonic streams, R , , and R _.

where
K. =yMip.,/(M% —1)* )

Simultaneous solution of the (+) and (—) stream equations
produces the linear Riemann problem solution,

K+[(p—_P+)+K—(5_—5+)] (Sa)

pf=p++ (K++K_)
s [p_—p ) +x_(6_=6.)1 s
51'—5++ (K++K_) ( )

This solution is used if 15, —Sfl <0.01. For problems not
meeting this criterion, second- and third-order terms are
added and in extreme cases Eqs. (2) and (3) can be solved
iteratively.

The Godunov procedure, which is described below, requires
knowledge of the flow properties associated with a specific
direction 6. As indicated in Fig. 3, three different regions
(R . ,F,E) are featured on the expansion side of a slip line and
two (R.,S) on the shock side. Here R, are the original
states, S and E the regions behind a shock or expansion, and F
the expansion fan. If 4 lies in R ., the initial conditions pro-
vide the needed properties. For 6 lying in S or E, the variables
p and & are determined by the Riemann solution, and the den-
sity is computed using the oblique shock relations. In region
E, the isentropic relation provides the correct density;
however, the shock relation is less expensive to apply and
yields the required accuracy, except behind severe expansions.
When 8 lies in region F, properties can be calculated by noting
that the flow direction 6 along 6 is given by

d=0=Fsin~!{1/M*}

where M* is the Mach number along the direction #. Using Eq.
(3)

5, £v(M,)=0xv(M*)Fsin~!{1/M*}

and solving for M* yields

7r/2+1/(Mi):|:(§i—0)]}‘/2

M*=[1+C‘2t 2[
an ol
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Fig. 4 Control volume nomenclature.

With M* known, the remaining properties along 6 follow im-
mediately from the isentropic relations.

Numerical Scheme

Using the notation of Fig. 4, control volume mass and
momentum conservation equations are given by

Uit =Ulj—Fij+ Fioy = Fijon +Fijy ©
where
pw oV
oW +p owV+n,p
Uy =A% i+ e, =
owil puV+n,p
owv | ovV+nyp |y
V:ni+ l/z’.j(u:UJw)i+‘/2,j (7)

Equations (6) are closed using the constant total enthalpy con-
dition and the perfect-gas equations of state that yield the
constraint

p Y 1
— (P + V* + W) =H, 8)
p (y=1) 2 ’

To advance Egs. (6), it is necessary to evaluate the fluxes F
at the edges of the control volume. Godunov’s method uses
the Riemann problem to estimate cell edge properties. A
marching step is completed as follows:

1) The step size is computed using the CFL condition and
the coordinates of the control volume corners are determined.
The vector normal to each cell edge is calculated from

n="2(vy Xvy)

where v;; = (x;—X;, y;—;, 2;,—2;) and the subscripts refer to
the corner numbers, which for edge (i+ V%,j) are defined in
Fig. 4.12

2) A Riemann problem is constructed for each cell edge us-
ing the two adjacent cell properties. The two dimensions
associated with it are defined by plane R, which contains the
cell edge normal vector and is aligned with the z axis. The two
initial states consist of (p,p,v,,w) at the two adjacent cells,
where v, = (un,+wn,)/ (n,,n,)1. Also computed for each
initial state is v, = (—un,+ovn,)/l(n,,n,)!, which is the
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velocity component tangent to the cell edge trace in the z=2"
plane.

3) The Riemann problem associated with each edge is
solved using the technique described previously.

4) The angular orientation of the cell edge is plane R is
calculated. With respect to edge (i + '%,/), this orientation is
given by

_ Mg
f=tan 1[_ (2 - 3 )1/2] ©

it 4, § + Vit 1s,j

5) Estimated cell edge properties are constructed using the
Riemann solution values of p,p,v,,w along 6 and by assigning
a tangential velocity component value v, that is selected by
noting the relation between @ and the Riemann solution slip
line direction 6;. On edge (i+ '%,j), for example,

. _{ Ry if 0=6, a0)
=
v, if 0<8;

Note that 8, is the flow direction in plane R and is defined by
s,=tan~'(v,/w).

6) Once the edge property values have been obtained on
each of the four edges, the required fluxes are evaluated using
Eqgs. (7) and Egs. (6) are then advanced. The computational
step is completed by decoding U to determine p,p,u,v, and w.

Boundary Conditions

The inviscid boundary conditions require that the velocity
vector at a surface be tangent to the surface. Along edges
abutting a surface, this implies that V=0 in Eq. (7) and that
the flux is a function of pressure only. The pressure at the wall
is determined by applying either a shock or expansion to prop-
erty values of the cell adjacent to the wall. The appropriate
shock or expansion is the one producing a final velocity vector
parallel to the wall. This procedure is a natural reduction of
the Riemann problem to the situation where the final
streamline direction is known.

The wall pressure predicted by the above procedure is used
to advance the solution. However, these values are only locally
first order in smooth flow regions and a more accurate surface
pressure estimate is needed for evaluating aerodynamic coeffi-
cients. This is accomplished using the reference plane method
of characteristics to predict the pressure at the center of the
cell edge abutting the wall. On plane R, the reference plane
characteristic equation applicable along &+ has the form

pw_'pc:’:’(;t (6w_6c)=S (11)

Here the right-hand side contains derivatives normal to plane
and the upper sign is applied along the 6+ p characteristic. To
determine p. at z=z"+ Az/2 directly, the characteristic in-
tersecting the wall from the flow interior is used, S is the ex-
plicitly evaluated at z=z", § is the known wall slope, and
(p.,8.) are determined by interpolation. Here (p,6.) are
evaluated at the point where the characteristics in R plane
passing through the cell edge center intersects z=z". To pro-
mote robustness, this procedure is approximated in two steps:

_={Eq.(2)lf:!:(5“v—8¢)<0 (12a)
Eq. (3) otherwise
Dy=P+S8 (12b)

Furthermore, derivatives are determined using a limiting pro-
cedure similar to that of Ref. 1. In smooth-flow regions,
derivatives are of second order, Eq. (12a) reduces to Eq. (4),
and Eqgs. (12) in combination are equivalent to Eq. (11). Near
large gradients, limiting reduces the derivatives to zero and the
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first-order boundary condition, consisting of a shock or an ex-
pansion, is recovered.

As the solution is marched down the length of a missile, lift-
ing surfaces may be encountered in one step which were not
present in the previous step and vice versa. This can led to ele-
ment edges that are only partly covered by a surface. Such
edges are divided into two sections: one containing the edge
area adjacent to the surface, and the other the edge area ad-
joining another element. Separate estimates are made of the
fluxes acting on each section and these are added to determine
the total edge flux.

The outer zone boundary (i.e., edge 3 in Fig. 2) is deter-
mined by tracking the domain of dependence using the infor-
mation contained in the Riemann solution. Prior to the execu-
tion of each step, a Riemann problem is constructed for each
cell edge abutting the freestream. The initial states for this
problem are the freestream conditions and the abutting cell
properties. The Riemann solution features a direction 6 that
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Fig. 5 Calculated cross-flow surface pressure and shock shape on a
tangent-ogive with nose fineness of 2.5 using three different meshes at
z2=8.50.

Fig. 6 Calculated cross-flow velocities and pressure contours on a
tangent-ogive with nose fineness of 2.5 using the 48 X 48 mesh at
z=8.50.
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Fig. 7 Calculated and measured fin surface pressure on the clipped
delta fin configuration of Ref. 14. Reference zero shifted by 1.0 for
each successive curve,
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separates the freestream flow from other states. This angle
marks the edge of the domain of dependence of the numerical
solution in plane R. The outer edge of the cell abutting the
freestream is defined such that its trace in plane R is in the
direction 4.

Results

Godunov’s method has been applied to body-alone as well
as body/wing configurations. In all cases, the missile nose was
taken as sharp and the initial data plane was defined a short
distance from the nose tip using the approximate conical
flowfield generator of Ref. 14. The solution was generally ad-
vanced at 90% of the CFL step size and, thus, it was not
necessary to apply either special procedures or artificial viscos-
ity. Near the fin leading edges, where large pressure jumps oc-
curred, small surface pressure oscillations were reduced by us-
ing a smaller step size (e.g., 50% of the CFL limit).

Figure 5 illustrates calculated surface pressure and shock
shape on a tangent ogive body, with a nose fineness of 2.5 at
Mach 3.5 and an incidence of 15 deg. Results are provided for
three different mesh sizes; the calculated normal force per unit
length is also shown. For the purposes of calculating loads, the
24 x 24 mesh provides sufficient resolution. However, details
of the flowfield structure are enhanced by the 48 X 48 mesh.
The surface pressure profiles indicate the presence of a cross-
flow shock on the leeside of the body, whose description is
sharpened as the mesh is refined. Figure 6 illustrates the cross-
flow plane, generated by the 48 X 48 mesh, which features a
small vortex on the leeside of the model. This vortex is pro-
duced by the crossflow shock and is not evident in the 24 x 24
mesh results.

Calculated surface pressures are shown in Fig. 7 for a
cruciform, cranked delta configuration in the plus-roll orien-
tation. Experimental data are from Ref. 15 and were measured
at a Mach number of 3.7, an incidence of 7.8 deg, and
Reynolds number based on a diameter of 1.8 x 10°. For these
conditions, attached shocks or expansions occurred at the fin
leading edges. The calculation was started near the nose tip us-
ing a 12 x 12 mesh that was regrid at z=2 and 5 to 15x 18 and
18 x 24, respectively. The final section containing the fins ex-
tended from z=80-102 and was run using a 36 X 36 mesh and
50% of the allowable CFL step size. The calculated surface
pressure agrees well with experiment over most of the fin sur-
face. The cross-flow velocity vectors and pressure contours at

PRESSURE

Fig. 8 Computed cross-flow velocities
and pressure contours at z=96.5
on the configuration of Fig. 8.
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Fig. 9 Calculated and measured wing surface pressures on the swept
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Fig. 10 Caiculated and measured body surface pressures on the
swept wing model of Ref. 15 at «=6 deg.
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Fig. 11 Computed pressure contours on the configuration of Fig. 9
at a station slightly forward of the wing tip.
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Fig. 12 Calculated and measured normal force and center of
pressure on the body/wing/tail model of Ref. 16.

an axial station near the fin midcord are given in Fig. 8.
Shocks can be seen attached to the fin edges.

Calculations have been performed on the swept wing con-
figuration (tested in Ref. 16) shown in Fig. 9, which was run at
an incidence of 6 deg and Mach numbers of 2.5 and 4.5. A
14 x 18 mesh was applied forward of the wing and a 3636
mesh was used for the remainder of the body. The step size
was reduced to 66% of the allowable CFL limit over the wing
portion of the body. Calculated and measured wing surface
pressures are shown in Fig. 9 and agree well in most cases.
However, near the wing leading edge, computed values are
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Fig. 13 Cross-flow velocity on the model of Fig. 12 at z=11.80.

larger than measured ones. Figure 10 provides measured and
calculated surface pressures on the windward and leeward
sides of the body. Calculated windward pressures are slightly
larger than measured ones and the calculated jump in pressure
due to the wing occurs further aft than the measured one at
Mach 4.5. Computed leeside pressures agree well with
measured ones. The cross-flow pressure contours are shown in
Fig. 11 at an axial station slightly upstream of the wing tip at
Mach 2.5 and 4.5. A detached shock is visible below both
wings and, at the higher Mach number, it is positioned closer
to the wing surface. This produces the strong wing surface
pressure gradients visible at this Mach number in Fig. 9. At
Mach 4.5, the Mach number to the leading edge is supersonic,
but is not large enough to produce an attached shock that
could turn the flow in the plane of the lower wing surface.

The final case considered is the wing/body/tail configura-
tion of Ref. 17 which is shown in Fig. 12. Here, the highly
swept wing features a leading-edge normal Mach number that
is subsonic. A 15 x 18 mesh was used forward of the wing and
a 36X 36 mesh was applied over the remainder of the body.
The computed normal force and center of pressure are given in
Fig. 12 and agree well with experiment. The computed cross
flowfield at an axial station near the wing trailing edge is
shown in Fig. 13 and features a leeside vortex that is convected
over the tail.

Conclusions

A Godunov method for tactical missile shapes in supersonic
flow has been developed and applied to several different tac-
tical missiles. This scheme uses a multiple-zone approach to
generate a grid for finned tactical missiles. It is cast in a finite-
volume framework and fits the bow shock using the informa-
tion contained in the Riemann problem. A postprocessing
technique based on the method of characteristics is used to im-
prove estimates of the surface pressure. Results have been ap-
plied to several different missiles, with and without fins, and
satisfactory agreement has been obtained with measurement.
It was not necessary in any of these cases to use special pro-
cedures or artificial viscosity.

J. SPACECRAFT

The merits of Godunov’s scheme can be illustrated by com-
paring it with the finite-difference method of Ref. 9. Here a
similar multiple-zone mesh generation scheme is applied in
conjuction with MacCormack’s second-order explicit scheme
and calculations are completed on many of the same shapes.
The principle advantage of Godunov’s scheme is its ro-
bustness, which allows complicated cases to be completed
without user intervention or application of special procedures.
For example, computation of the body/wing/tail configura-
tion shown in Fig. 12 using the method of Ref. 9 required fine
tuning of the artificial viscosity coefficients as well as careful
selection of the fin edge differencing option, while Godunov’s
method handled this configurations without any adjustments.
In regions of the flow featuring strong shocks or expansions
(e.g., on fins), the accuracy of the Godunov method appears
comparable to that of Ref. 9. However, in smooth flow
regions, Godunov’s method is first-order accurate and
theiefore less accurate. For example, using the method of Ref.
9 and a mesh size comparable to that employed in this paper,
the body surface pressures forward of the wing in Fig. 10 are
more accurately resolved. Furthermore, the required com-
putational time per mesh point per step is twice as large for
Godunov’s method as currently implemented. However, the
robust behavior of the Godunov scheme makes it accessible to
the casual user and the lack of cumbersome special procedures
allows it to be extended to handle arbitrarily complex
configurations.
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